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Optimization of Vertical Plane Cobralike
Pitch Reversal Maneuvers

H. J. Komduur* and H. G. Visser'
Delft University of Technology, 2600 GB Delft, The Netherlands

Four time-optimal, vertical plane, cobralike pitch maneuvers corresponding to different sets of boundary condi-
tions have been studied for the F-18 high-angle-of-attack research vehicle aircraft. These maneuvers are poststall
maneuvers that enable an aircraft that is initially followed by a pursuing aircraft to shift positions, that is, the
initial evader turns into the pursuer. The initial pursuer is assumed to remain at constant speed and altitude. In
addition an 80-deg pitch reversal maneuver has been considered that was optimized using a Chebyshev approach.
A nonlinear programming and collocation method was successfully used to find the optimal vertical plane trajecto-
ries in open-loop form. All trajectories that were found have been put through a six-degree-of-freedom simulation
utilizing a nonlinearinversion closed-loop control technique. The results showed that the optimal vertical plane tra-
jectories can be flown quite accurately, using longitudinal and lateral thrust vectoring, along with the conventional

aerodynamic controls.

Nomenclature

reference span, ft

drag coefficient

lift coefficient

rolling moment coefficient

pitching moment coefficient

basic pitching moment coefficient

yawing moment coefficient

longitudinal force coefficient

side-force coefficient

normal force coefficient

reference mean aerodynamic chord, ft

acceleration of gravity, ft/s?

altitude, ft

moment of inertia around the roll axis, Ib - ft?

= cross product of inertia between roll and yaw
axes, Ib - ft?

= moment of inertia around the pitch axis, Ib - ft*

moment of inertia around the yaw axis, 1b - ft?

distance from nozzle exit to center of gravity, ft

vehicle mass, 1b

roll rate, rad/s

pitch rate, rad/s

dynamic pressure, 0.50V?, psi

yaw rate, rad/s

reference surface area, ft?

body-axis components of thrust, 1bf

time, s

aircraft true airspeed, ft/s

angle of attack, rad

sideslip angle

flight path angle, rad

aileron deflection, deg
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= elevator deflection, deg

rudder deflection, deg

lateral thrust vectoring angle, deg
longitudinal thrust vectoring angle, deg
pitch angle, rad

air density, Ib/ft’

bank angle, rad

heading angle, rad

= yaw angle, rad
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Subscripts

commanded

desired

end

final value

derivative with respect to roll rate, s/rad
derivative with respect to pitch rate, s/rad
derivative with respect to yaw rate, s/rad
derivative with respect to sideslip angle, 1/deg
derivative with respect to aileron deflection, 1/deg
derivative with respect to elevator deflection, 1/deg
derivative with respect to rudder deflection, 1/deg
= start value
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Introduction

LIGHT tests conducted in 1994 verified that the application

of thrust vectoring (TV) in air combat engagements gives the
aircraftthat is equipped with it a definite edge over conventionalad-
versaries during close-in combat. For example, in mock-dogfights,
a TV-equipped X-31 flying againsta conventional F/A-18 produced
akill ratio' of 32:1. TV technology gives the aircraft the capability
to fly at angles of attack (AOA) beyond the stall AOA, the AOA at
maximum lift coefficient. An example of such a poststall maneuver
is the Pougachev cobra maneuver, first demonstrated by a Sukhoi
Su-27 at the Paris Air Show in 1989.2 During this maneuver, the
aircraft rapidly pitches up to about 100-120 deg. In other words,
the aircraftis flying tail first. The tremendous amount of drag in the
poststall region causes the aircraft to slow down rapidly from an
initial 400 ft/s to about 100-130 ft/s, after which the aircraft pitches
down again. The maneuver was named after its resemblance to an
attacking cobra snake.

Several additional maneuvers that make use of TV have been
proposed.? In this paper cobralike poststall pitch reversal maneuvers
will be studied. A simplification often made while optimizing these
maneuversis that the fast body dynamics of the aircraft are ignored,
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that is, pitching movements about the body Y axis are simplified by
ignoringmoments of inertia. In this study, the effects of the moments
of inertiaare takeninto accountin the optimizationof the maneuvers
in the vertical plane. The optimal open-loop trajectories will be
studied further by putting them in a simulator utilizing nonlinear
inversion closed-loop control to see whether they are flyable, that
is, can be closely tracked, using a complete six-degree-of-freedom
(DOF) model.

Problem Formulation

One of the problems implemented in this study was the cobra
maneuver in an evader-pursuer form that was first presented by
Murayama and Hull,* and studied further by Horie and Conway.’
The initial pursuerisin-flight at constantspeed and constantaltitude.
The initial evader is the F-18 high-angle-of-attackresearch vehicle
(HARV), capable of poststall flight. (The F-18 HARV was built
before the F-18 was redesignated F/A-18.) The initial invader starts
out 1000 ft ahead of the initial pursuer. The objective of the initial
evader is to become the pursuer, that is, shift positions with the
initial pursuer, in minimum time. At the final time, the initial evader
is 1000 ft behind the initial pursuer. The maneuveris shownin Fig. 1.

Only initial and end conditions are formulated, namely,

vw=yr=0 (1

Evader performs post-stall maneuver
Pursuer overtakes

Initial situation

Because
0=y +tua )

and y is not part of the state vector, constraint (1) is translated to

6y = o 3)
Oy =oay 4)
Furthermore,
g =0 (%)
Vo = 400 (6)
H, = 10,000 )
X, = 1000 (8)
X; = Vot, — 1000 ©

The latter two conditions imply that the maneuvering aircraft starts
out 1000 ft ahead of the enemy fighter, although it ends up 1000 ft
behind it. The goal is to minimize the objective function J:

Initial evader has initial
pursuer in sight

Atd

™~

Xo, to Xe, t
Fig.1 Graphical representation of the evasive-offensive maneuver.
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Fig.2 Configuration of nonlinear dynamic inversion laws.
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J - tf (10)
In words, the aircrafttries to get from in frontof to behind the enemy
fighter in minimum time.

Several cases were examined, using a method similar to that of
Horie and Conway.® In their paper, they formulated additional con-
straints to the original problem formulated by Murayama and Hull.*
In the presentstudy, the problemiis first examined using just the hor-
izontal distance constraint formulated in Eq. (9). In the second case
thatis examined, a pointing constraintand a total distance constraint
as formulated by Horie and Conway® are introduced. The pointing
constraint states that at the final time the nose of the initial evader
is pointed toward the initial pursuer. Moreover, there should be at
least a 1000-ft separation between the two aircraft. This is done to
ensure that the initial pursuer is in sight of the pilot of the initial
evader and is not obscured by the aircraft’s nose. The mathematical
formulation of these constraints is as follows:

V(Vot; = Xo)? + (Hy — Hy)? > 1000 (11
which is called the total distance constraint, and
\/(Voff — Xo)*+ (Hy — Hy)?
= cosOp(Vot; — X ) +sin6;(Hy — Hy) (12)

which will be called the pointing constraint. In this case, cons-
traint (4) is dropped, that is, the final flight-path angle is no longer
required to be zero. In the third case that is considered, a constraint

Pitch angle and angle of attack
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is imposed on the speed of the aircraft at the final time. During
poststall maneuvering a lot of energy is lost. This influences the
aircraft’s capability to engage another target after the first pursuer
has been eliminated. Therefore, the speed of the aircraft at the final
time is required to be the same as the initial speed:

V. = Vo =400 (13)
The fourth case considered in the evader-pursuer scenario is when
the final flight-path angle is forced to be zero. This is done to ensure
that the initial evader is able to follow the initial pursuer:

yf=0f—otf=0—>0f=otf (14’)

Another form of the cobra maneuveris the 80-deg pitch reversal
described by Lichtsinder et al.® The objective is to pitch up the
aircraft from an initial

6o =0, 6o =0 (15)
to

9 = 80, 6=0 (16)
and back to

0; =0, 6, =0 (17)

This is to be accomplished in minimum time.
Lichtsinder et al.® split the maneuver into two separate parts,
that is, a to-target phase and a recovery phase. In essence, these

x10* Flight path with attitude plotted in
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Fig. 3 Evader-pursuer maneuver, horizontal distance constraint only.
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are two separate maneuvers. That the problem is split in two may
have implications for overall optimality. Therefore, in this study, a
Chebyshevapproachis used. The problemis transformed to a fixed-
time max-max problem, that is, maximizing the maximum value of
6 during a given maneuvering time, with

6y = oy =0, O =a;=0 (18)
q =0 (19)

Vo = 400 (20)

H, = 10,000 1)

X, =0 22)

The original objective function has been approximated as follows:

ty
J= / —(©)% dr
10

where K has a sufficiently large value, for instance, K = 10 or 20
(Ref. 7). In the present study, choosing a value for K as large as
44 was possible. The specified maneuvering time was subsequently
gradually reduced from an initial 7 s such that an 80-deg pitch
reversal was ultimately obtained.

(23)

Theta/Alpha [']

Alitude [t

KOMDUUR AND VISSER

Physical Model

The point-mass model used by both Murayama et al.* and Horie
and Conway’ has three DOF and uses AOA or AOA and longitudinal
TVfor control variables,respectively.Moments of inertiaaround the
Y axis are completely ignored, and therefore, the rate of change of
AOA is unbounded.

In this study, arigid-bodymodelis used. The elevatordeflection §,
isthe control variable. Along with this, the longitudinaldeflection of
thrustis used. Thrust deflection is assumed to be slaved to the eleva-
tordeflectionthroughalinearscheme such thatat maximum elevator
deflection the thrust deflection is maximal as well. Similarly, if el-
evator deflection is zero, thrust deflection is also zero. This scheme
is very simplistic; however, it does serve as a useful model during
the optimization phase of the study. Later, the optimum trajectory
was put in a simulator that utilized a nonlinear inversion technique,
to try to let the aircraft fly along the optimum trajectory. During
these simulation experiments, this linear scheme was dropped, and
the elevator and the longitudinal TV vanes were able to move in-
dependently from one another. Although it would be impractical
to introduce separate controls for TV and elevator deflection into
the cockpit, this decoupling provides insight into control behavior
that may prove useful in autopilot design. Thrust is kept at max-
imum afterburner throughout the maneuver, to provide maximum
TV-induced moments on the aircraft. The influence of Mach number
onthrustis neglectedbecausethe maneuvertakes placeat low speed.
However, thrust loss due to TV has been modeled.® The variation
of air density is based on the International Standard Atmosphere.

x10° Flight path with attitude plotted in
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Fig. 4 Evader-pursuer maneuver, pointing and total distance constraints.
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Restrictions that have been imposed during the maneuver are
0<a=<70 (24)

because the available aerodynamic database of the aircraft model
only covers these angles of attack. Furthermore, both rate and de-
flection limits for the elevator control surface have been assumed.

The six-DOF equations of motion used in the present study are
the same as those used by Lichtsinder et al.® The model describes
a high-performancefighter aircraft, with state vector [«, B, p, q, 1,
V., ¥, 6, ¢] and control vector[4,, &,, 8,, §,, &,]. This means that use
is made neither of the ability to roll using differential longitudinal
TV on the engines nor of the leading- and trailing-edge flaps. The
model consists of the following equations:

& =q+{—[gSCx/MV — (g/V)sin6 + r sin B] sina
+[gSC,/MV — (g/V)cosf cosp — psinB]cosa}secp

(25)
B =—{[gSCx/MV — (g/V)sinf]sin B + r}cosa
+[GSCy/MV + (g/V)cos8 sing]cos B —{[gSCz/MV
+(g/V)cosOcosg]lsin — p}sina (26)
p={-[L.— 1)/l + 121 L. ]qr
+1 =y = L)/ L pq/ L
+3Sb/1,.(C +1,.C, /1)) (1= 12 /1,.1..) 27)

Pitch angle and angle of attack
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G = GSeCp /Ly + (e = 1) /1, 1pr + Lo = p) /1, (28)
F=A{[12 1.1 -, - 1.)/L.]pq

=+ (e = L)/ L)Lz /122 )gr

+GSb/1L.((L./1.)C +C} (1 =12 [1,.1.) (29)
V = (GSCx/M — gsinf) cosacos B + (GSCy /M

+gcosOsing)sinB + (gSC,/M

+ g cos6 cos ) sina cos B (30)
Y = gsingsecO +r cosgsec (31
é:qcosw—rsinq) (32)
¢ =p-+rcosgtanf + g sing tan (33)
Cy =Ci(a,q,8,)sinad — Cp(a,8,)cosa + Tx /qS (34)
Cy = Cys (@), + Cysa(@)8, + Cyse ()8, + Cyp()B

+0/2V)[Cyp()p + Cy, ()r]+ Ty /S (35)
C,=—-Ci(a,q,8,)cosax — Cp(a,$,) sina + T, /qS (36)

Flight path with attitude plotted in
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Fig.5 Evader-pursuer maneuver, pointing, total distance, and final speed constraints.
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Cl = Clrir (0[)8:' + Clria (O[)(Sa + Clric' (0[)8('

+ Cip(a)B + (b/2V)[Cip(@) p + Cpy()r] (37
C, = Chola,8,) + (c/2V)Cpy(a)g + Tzlx/qSc (38)
C, = Cpsr(@)8, + Cpsa(a)8, + Cpse(@)d, + Cpp(a) B

+ G 2V)IC,p(@)p + Cop(@)r] — Tyl /g Sb (39)
Ty = Tx K (8, 8,) cOs 8, cos §, (40)
Ty = T K (8, 8,) sind, cos é, (41)
T, = =T K (8, 8.) cOs 8, sin 8, (42)

Gyroscopic moments produced by the engines and high body rates
are not taken into account. The load factor is based on the normal
force and is defined* as

n=(CpgScosa+CpgSsina+ Tsiné.)/Mg (43)

The model used in this study is the NASA F-18 HARV. Data from
several sources®™!® were used to constructa model that is believed
to be representativeof the actual aircraft. The aerodynamicdatabase
is valid for 0 <o <70 deg and —30 < 8 < 30 deg. Compressibility
effects are neglected. The maximum load factor during the studied
maneuvers always remained below the maximum value of 5.4 g
(Ref. 11).

Pitch angle and arigle of attack

Theta/Alpha ']
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The restriction that the maneuvers take place in the vertical plane
reduces the described six-DOF model to the following longitudinal
model:

& =q—[gSCx/MV — (g/V)sinf]sina
+[gSC;/MV + (g/V)cosf]cosa (44)

V= (@SCx/M — gsinf)cosa + (GSC,/M + g cosb) sinw

(46)
0=4q 47
Cy=Ci(a,q,8,)sina — Cp(a, 8,)cosa + Ty /GS (34)
C;,=—-Ci(a,q,8,)cosax — Cp(a, 8,) sina + 17 /qS (36)
C, = Chola, 8,) +(c/2V)Cpy(a)g + Tzlx /qSc (48)
Tx = TmaxK (8;) cos(8;) (49)
T; = —Tnax K (8;) sin(é;) (50)

Verification of Optimal Trajectories

Lichtsinder et al.® showed that the simplification of constricting
the movementof the aircraftto the vertical plane does not yield flight

x 10° Flight path with aftitude plotted in
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paths that can be flown in real life. Asymmetric behavior of the air-
craftathigh AOA, whichis due to asymmetric forebody vortices and
a slight asymmetry in the aircraft (probes), gives rise to undesired
banking- and heading-angle motions. Therefore, the flight path as
obtained earlier, will be put in a simulator that utilizes nonlinear
inversion closed-loop control in a complete six-DOF environment,
to try and fly along the open-loop, vertical plane, optimal flight
path. Because aircraft motion is no longer restricted to the vertical
plane, the complete six-DOF model as presented in Eqs. (25-42) is
used. The path resulting from this is consideredto be the final (sub)
optimal six-DOF trajectory.

The configuration of the nonlinear control laws used in this pa-
per has been presented by Snell et al.'?> and was adapted to ver-
ify the optimal trajectories obtained through DOVNLPAC (Fig. 2).
The trajectory controller used by Snell et al.!> was replaced by the
open-loop AOA history obtained during the optimization. The aero-
dynamic rolling angle was coupled to the course angle, to keep the
aircraft on a straight flight path, that is, if the aircraft starts turn-
ing to the right, it will enter a left bank to bring the heading angle
back to zero. Furthermore, the desired sideslip angle is kept at zero
throughout the maneuver.

Numerical Results
The numerical results have been obtained by using a non-
linear programming and collocation technique.® This technique
has been implemented in an in-house developed program called
DOVNLPAC. The step size for the optimization was chosen as

Pitch angle and angle of attack
8O e s

Theta/Alpha {*]

Elevator deflection {*]

Speed [ft/s]

{
S

699

small as possible. This was done to capture the fast dynamics of
the maneuvers. Too large a step size would result in spiky behavior
of pitch rate and control variables. Decreasing step size means in-
creasing the time needed for computations and increasing the total
number of variables and boundary conditions. There is an upper
limit to the number of variables and boundary conditions the pro-
gram can handle (about 1000 variables plus boundary conditions),
and so this also affects minimum step size. The limit on the number
of variablesis also the reason why elevatorand TV deflections were
coupled and not introduced as separate control variables.

Results on the evader-pursuer form of the cobra maneuver with
the horizontal distance constraint(9) only are presentedin Fig. 3. It
can be seen that the AOA quickly saturates to its maximum value
of 70 deg. Any further increase in pitch beyond this point comes
from an increase in flight-path angle. Increase in altitude during
the maneuver is slightly more than 650 ft. Maximum gravitational
acceleration load is about 4.8g. The control history shows definite
peaks with which the pitching movement is started, stopped, and
reversed. Minimum speed is 138 ft/s, and the final speed is 190 ft/s.
Total distance traveled during the maneuveris 2600 ft, and the total
time needed to complete the maneuveris 11.5 s.

When the pointing constraint (11) is introduced (Fig. 4), and
the horizontal distance constraint (4) is replaced by total distance
constraint (12), the total maneuvering time increases to 13.05 s,
and the final speed increasesto 323 ft/s. This because the minimum
speed is slightly higher at 167 ft/s and because during the pointing
phase the initial evader starts to swoop down on the initial pursuer.

x 10° Flight path with attitude plotted in
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Fig.7 Cobra maneuver as a max-max problem.
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This swooping maneuver is utilized even further when the con-
straint that the final speed is 400 ft/s [Eq. (13)] is also introduced
(Fig. 5). The final time increasesto 14.87 s. The minimum speed in-
creasesto 171 ft/s. At the end of the maneuver, the aircraftincreases
its AOA to about 23 deg to point its nose toward the initial pursuer.

In the final evader-pursuer maneuver, the final value of the flight-
path angle has been set to zero [Eq. (14)] (Fig. 6). The resulting
maneuver is very similar to the preceding one. The total maneuver-
ing time increases to 17.3 s. Minimum speed is 173 ft/s. The main
difference between this maneuver and the preceding one is the fi-
nal stage. In this case, the aircraft starts increasing AOA somewhat
earlier to arrestits descent and to bring the flight-pathangle to zero.
That the aircraft returns to exactly the same altitude is because, due
to the restrictionsin the permissible AOA range [Eq. (24)], it is im-
possible to fly above the initial pursuer and still point the nose of
the aircraft toward the initial pursuer.

In all cases, the maneuvering times are longer than those found
by Horie and Conway.’ This could be because a different type of
aircraft is used (F-16-like aircraft vs F-18 HARV) but is probably
because a rigid-body model was used in this investigation. Horie
and Conway had no restrictionon the initial AOA and used a thrust-
to-weight ratio of precisely one. This enabled their maneuvering
aircraft to start the maneuver at its initial speed of 400 ft/s, while
havingan AOA of 90 deg and a flight-pathangle of Odeg. AsT = W
in their case, having an AOA of 90 deg also implies that the aircraft
remains flying along a precisely horizontal flight path. After the

KOMDUUR AND VISSER

aircraft has shed enough speed (by flying horizontally at 90-deg
AOA), it pitches down. At that point, the aircraft starts descending
and ends up below the initial pursuer. Near the end of the maneuver,
it points its nose toward the initial pursuer.

This is completely different from the six-DOF trajectories pre-
sented here. For the aircraft used in this study, the thrust-to-weight
ratio with no vectoring of thrust is not equal to one. Furthermore,
the aircraftis unable to stand on its tail instantaneously. Therefore,
the aircraft does not fly horizontally while flying at 90-deg AOA but
starts climbing at high AOA. This results in the trajectories where
the initial pursuer passes under the maneuvering aircraft instead of
above it (as in Horie and Conway’s trajectories’ ).

Results on the 80-deg pitch reversal maneuver can be seen in
Fig. 7. The time needed to complete the maneuver is 5.88 s. Mini-
mum speed during the maneuver is 300 ft/s.

Results on the closed-loop simulation of the maneuvers utiliz-
ing nonlinear inversion control are shown in Fig. 8. All maneuvers
have been put through the simulator, but for the sake of brevity only
the results on the evader-pursuer maneuver with pointing, total dis-
tance, final speed, and final flight-path angle constraints are shown.
The results show that using the conventional aerodynamic control
surfaces and longitudinal and lateral TV the trajectories obtained
through DOVNLPAC could be flown quite accurately. Undesired
roll and yaw movements were keptin check using small deflections
of rudder, aileron, and lateral thrust deflection. There is a slight de-
lay throughoutthe maneuvers, yielding slightly longer maneuvering
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Fig. 8 Results of the six-DOF simulation of the evader-pursuer maneuver, with pointing, total distance, final speed, and final flight-path angle
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times (in the case shown in Fig. 8 from 17.3 to 19.3 s). Because of
the slight delay in AOA response at the beginning of the maneu-
ver, airspeed remains a bit higher throughout the maneuver. This in
turn causes the flight-path angle to grow somewhat faster. There-
fore, maximum pitch angle is reached about 0.1 s earlier than in
the optimal solution. Because the simulation uses pitch angle as a
reference for how far along the optimal trajectory the aircraftis, this
means that the aircraft starts to pitch down about 0.1 s earlier, too.

Elevator deflection

Elevator deflection {7}

6-DOF Simulation

Vertical TV deflection]’]

701

This does not mean, however, that the simulated six-DOF trajec-
tory is better than the vertical plane optimal trajectory because the
aircraft has already traveled farther in the high AOA phase, due to
the higher airspeed. During the simulation, the horizontal elevator
and longitudinal TV vanes moved independently from one another.
As expected, this shows that the linear relation used during the op-
timization phase is too simplistic. The six-DOF model shows the
tendency to utilize the horizontal elevator at low angles of attack

Longitudinal thrust deflecion

6-DOF Simulation
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Fig. 8 Results of the six-DOF simulation of the evader-pursuer maneuver, with pointing, total distance, final speed, and final flight-path angle

constraints (continued).
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(Fig. 8; 0-2 s) and longitudinal TV at high angles of attack (Fig. 8;
2-6 s), where the effectiveness of the elevator is small. There also
appears to be a relation with the airspeed (reduced effectiveness of
aerodynamiccontrol surfaces at low speed). One way of implement-
ing this in the optimization is decoupling TV and deflections of the
elevator and introducing each as a separate control variable. How-
ever, this currently produces problems with the maximum number
of variables that can be handled during the optimization.

Conclusions

It has been shown to be feasible to optimize cobralike pitch re-
versal maneuvers while using a rigid-body model. The optimal tra-
jectories were obtained for a number of terminal constraints using
a nonlinear programming and collocation method.

For future study, decoupling longitudinal TV and horizontal el-
evator movement may be considered. Furthermore, the use of a
smaller step size during the optimization may yield somewhat
smoother control histories and may refine the final results. How-
ever, currently both improvements would produce problems with
the maximum number of variables that can be handled during the
optimization.
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